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A beam of unpolarized light illuminates a vertical polarizer and 50% of the light emerges vertically
polarized. This light beam encounters a diagonal polarizer oriented at a 45  degree angle to the original
vertical polarizer and 50% of it emerges as diagonally polarized light. Finally 50% of the diagonally
polarized light passes a horizontally oriented polarizer. In other words 12.5% of the light illuminating the
first vertical polarizer passes the final horizontal polarizer. However, if the diagonal polarizer sandwiched
between the vertical and horizontal polarizers is removed, no light emerges form the final horizontal
polarizer. 

Using the figure below vector algebra will be used to analyze this so-called "three-polarizer paradox." The
paradox being that it is surprising that the insertion of the diagonal polarizer between crossed polarizers
allows photons to pass the final horizontal polarizer. 
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Eigenstates for vertically, horizontally and diagonally polarized light (S (slant) represents D's orthogonal
partner, just as V and H are orthogonal partners, or basis states):
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Confirm with vector addition the superpositions shown in the figure:
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The polarizers are operators, and their matrices are the outer products of their polarization vectors:
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Unpolarized light is an even mixture of all polarization angles between 0 and  radians. Probability is the
absolute magnitude squared of the probability amplitude. The fraction of a beam of unpolarized light that
will pass a vertically oriented polarizer is 0.5. To confirm this result we must integrate over all possible
polarization angles, summing the squares of the probability amplitudes for each angle. The factor 2/

[(/2)-1] normalizes the calculation.
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As is well known, and easy to demonstrate, the probability that unpolarized light (or light of any
polarization) will pass two crossed polarizing films (vertical followed by horizontal for example) is 0.
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However, if a polarizing film oriented diagonally at a 45 degree angle is inserted between the crossed
polarizers light gets through the final horizontal filter. The following calculation shows that 12.5% of the
unpolarized light illuminating the initial vertical filter gets through this arrangement of polarizing films in
agreement with the figure above and experience. 
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The three probabilities can be also calculated by an equivalent method that explicitly treats the polarizers
as measurement operators. 

From above we see that, Vop V V
T , Hop H H
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follows.    
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