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Recently an international team of researchers at the Institute Laue-Langevin in Grenoble
France published evidence for the quantized gravitational states of the neutron (1,2,3).
The purpose of this paper is to analyze this phenomenon using the variational theorem.

Schrodinger’ s equation for an object subject to a gravitational field near the surface of the
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Equation (1) has an exact solution and the ground state energy for the neutron is given by
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Equation 2

where 2.3381 is the first root of the Airy function.

The performance of two trial wave functions for the “quantum bouncer” will be evaluated.
The functions given in equations (3) and (4) were previously suggested for this purpose
by J. L. Martin (4).
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First Trial Wave Function

Evaluation of the variational integral for ¥(z) yields
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Minimization of the energy provides the optimum value of «
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and the ground-state energy.
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Equation 7

Thisresult isin error by 6% indicating that ¥(z) is a reasonable trial wave function for an
object subjected to a confining gravitational interaction.

Second Trial Wave Function

It will be seen, however, that ®(z) is a much better trial wave function. Evaluation of the
variational integral yields
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Equation 8

Minimization of the energy provides the optimum value of 3
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Equation 9

and the ground-state energy.
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The error for thistrial function isless 0.3%, 0 it is a very good approximation to the
exact wave function.

The trial wave functions are compared with the exact solution in Figure 1 (exact solution,
solid blue; W(z) green dots; ®(z) red dashes.
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Figure 1
The Experiment

Thus far we have used the exact theoretical ground-state energy as a criterion to evaluate
two trial wave functions. However, Nesvizhevsky and co-workers did not use energy or
spectroscopy to gather evidence for the quantized gravitational states of the neutron.

Thisisimpractical given how closely spaced the neutron gravitational states are. For
example, the first excited state for the neutron is E; = 3.941 x 10" J. Therefore, the
energy difference between the ground state and first excited state is equivalent to a
photon with awavelength of 1.2 million meters. Clearly traditional spectroscopic
methods cannot be used to establish the existence of quantized gravitational states for the
neutron.



A schematic of the experiment Nesvizhevsky's team used to gather evidence for
guantized neutron gravitational states is shown in Figure 2. The neutron is confined by
the attractive gravitational field and the repulsive reflecting mirror surface. Ultra-cold
neutrons (UCNSs) with total velocities lessthan 8 m/s are "lobbed” into the apparatus. In
the vertical direction the neutrons are subject to the gravitational interaction with the
Earth, but there are no forces in the horizontal direction. The vertical and horizontal
degrees of freedom are independent of one another in the design of this experiment,
because care has been taken to eliminate vibrations, and extraneous electric and magnetic
fields.
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Figure [eprinted b permission from Nature Volume 415 page 267) copyright 2002
Macmillan Publishers Ltd.]

This apparatus records neutron throughput as a function of absorber height. The data
collected are shown in Figure 3. The shaded circles are the actual data points. We will not
be concerned with the solid, dashed, or dotted lines in the figure. The most important
feature of the datafor this analysis is the sharp increase in neutron throughput at about 20
lm.
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Figure 3 [Reprinted by permission from Nature (Volume 415 page 299) copyright 2002
Macmillan Publishers Ltd.]

Interpretation

The probability that a neutron will be found in the absorber, or the probability it will be
absorbed is given by

ka(afdz
a
Equation 11

where &, is the absorber height. Using the second trial wave function the probability is
calculated for several absorber heights and displayed in the table below.

Absorber height/pm Probability in
Absorber
10 0.388
15 0.078
20 0.007
25 3x10™

It is clear from these calculations that the probability of finding the neutron in the
absorber has declined significantly by 20 um. This analysis, therefore, is consistent with
the sharp increase in neutron throughput at this absorber height.
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