
Two-parameter Study of the 1s2s Excited State of He and Li+ - Hund's Rule 

The trial variational wave functions for the 1s12s1 excited state of helium atom and lithium ion are scaled
hydrogen 1s and 2s orbitals:
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Nuclear charge: Z 3:= Seed values for α and β: α Z 1+:= β Z 1−:=

The purpose of this analysis is to illustrate Hund's rule by calculating the energy of the singlet and triplet states for
the 1s12s1 electronic configuration.  The singlet state has a symmetric orbital wave function and the triplet state has
an antisymmetric orbital wave function:
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The integrals required for variational calculations on these states are given below:
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The next step in this calculation is to collect these terms in an expression for the energy of the singlet and triplet
states and then minimize the energy with respect to the variational parameters, α and β.  The results of this
minimization procedure are shown below. 

Singlet state calculation:
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Break down the total energy into kinetic, electron-nuclear potential, and electron-electron potential energy.
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Calculate < r1s >, < r2s > and the absolute magnitude of the 1s-2s overlap:
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Display the radial distribution function for the 1s and 2s orbitals:
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Triplet state calculation:
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Minimization of E(α, β) simultaneously with respect to α and β. α Z:= β Z 1−:=
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Break down the total energy into kinetic, electron-nuclear potential, and electron-electron potential energy.
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Display the radial distribution function for the 1s and 2s orbitals:
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Summary of the calculations for the helium atom and lithium ion:

HundsRule
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The triplet state has a lower energy than the singlet state because electron-nuclear attraction increases more•
than electron-electron repulsion.
Atomic size decreases in the triplet state due to the large decrease in the size of the 2s orbital. The 1s orbital's•
size is basically the same in the singlet and triplet states.
The sharp decrease in the size of the 2s orbital is responsible for the increase in the electron-nuclear attraction,•
electron-electron repulsion and the absolute magnitude of the 1s-2s orbital overlap.

Note that this two-parameter calculation does not show the He triplet state lower in energy than the singlet state.
However, it does show that the absolute magnitudes of Vne and Vee are greater in the triplet state. This is important
because this is the trend that the exact wave function (see reference) reveals (Vee: 0.250 vs 0.268; Vne: -4.541
vs -4.619). 

The calculation for the lithium ion does show the triplet state lower in energy and the same trend in V ne and Vee as
for the helium atom and the exact calculation.  In other words, both electron-electron repulsion and
electron-nuclear attraction are stronger in the triplet state, and the real reason the triplet state lies below the singlet
in energy is because the decrease in Vne overwhelms the increase in Vee.  Thus, the common explanation that the
triplet state is favored because of reduced electron-electron repulsion is without merit.



The key phenomenon that accounts for these effects is the dramatic decrease in the size of the 2s orbital in going
from the singlet to the triplet state. This accounts for the increases electron-electron repulsion and electron-nuclear
attraction. The size of the 1s orbital is about the same in the singlet and triplet states. The significant increase in the
absolute magnitude of the overlap integral in the triplet state is consistent with its higher electron-electron repulsion.

Reference: Snow, R. L.; Bills, J. L. "The Pauli Principle and Electron Repulsion in Helium," Journal of Chemical
Education 1974, 51 585. 

Singlet to singlet with 2s orbital contraction: T,•
Vee and E increase while Vne decreases.
Singlet to triplet with frozen orbitals: T, Vee and•
E decrease while Vne increases.
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Singlet to triplet with frozen orbitals: T and Vee•
decrease while Vne and E increase.
Triplet to triplet with 2s orbital contraction: T•
and Vee increase while Vne and E decrease.
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