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Bonding in metals is usually described as resulting from the 
electrical attractions among positively charged metal ions and 
the "sea of electrons" belonging to the lattice as a whole. Such 
a qualitative description can he a basis for a quantitative 
model by giving the "sea of electrons" a well-defined structure. 
This has been accomplished using the tangent-spheres model 
developed by Bent ( I ) .  

This model has previously been applied to a quantitative 
study of the ionic honding in LiH (2). The purpose of this 
paper is to describe a similar ionic model for metallic honding. 
The tangent-spheres approach, combined with several sim- 
plifying assumptions, enables one to calculate the lattice en- 
ergy, the lattice constant and the density of metals. 

An Ionic Model for Metals 
The tangent spheres model for a metal assumes that the 

metal lattice sites are occu~ied hv cations and anions. The 
cations are the pa,sitivrly charged-metal ions; the anions are 
sr~hrriral electron chnrae clt~uds. The electron chnrer clouds 
are assumed to have uiiform charge density. On t h i  basis of 
this picture the energy of the metallic solid is 

E(M,s) = E(M(nt) , s )  + nE(e-,s) + E(cou1) (1)  

where E(M(n+).s) is the internal enerev of the metal ion in 
the sdid state, b.':.(e-,s) is the energy d;hespherical electron 
charge clouds in the solid slatr and I.:(coul) is the coulomhic 
inter-ion potential energy of the ions in the solid state. 

This model will he checked by comparing the calculated 
lattice energy with the experimental value. The calculated 
value of the lattice energy, U, is given by 

U = E(M(nf ) , g )  + nE(e-,g) - E(M,s)  (2 )  

whereas, the experimental value of the lattice energy is just 
the enthalpy of formation of 0 K of the gas-phase metallic 
ion. 

U = Mrom(M(n+) ,g )  (3)  

Substitution of eqn. (1) into eqn. (2) and using the con- 
vention that the energy of a free electron in the gas phase is 
zero yields, 

U = E(M(n t ) , g )  - E ( M ( n t ) , s )  - nE(e- , s )  - E(caul) ( 4 )  

In addition, the cation radius is assumed to he the same in the 
gas phase and the solid state. That is, the cation does not 
change size under the influence of E(coul) in the formation 
of the solid. Therefore, the internal energy of the cation is the 
same in the gas phase and solid state, E(M(n+,g) = 
E(M(n+),s). Equation (4) hecomes, 

U = -nE(e-,s) - E(coul) ( 5 )  

The calculation of the metallic lattice energy requires the 
calculation of the internal energy of the electrons in the solid 
and their inter-ionic coulomhic interaction with the cations. 
These calculations are described helow for a specific ex- 
ample. 

Metallic Calcium 
Calcium metal crystallizes in the face-centered cubic 

structure a t  room temperature and below. The calculations 
are valid for ahsolute zero. 

E(e-,s) 
The internal energy of a single spherical electron charge 

cloud of uniform charge density is its kinetic energy and de- 

pends on the charge cloud radius. In atomic units this is 

If the charge cloud consists of two interpenetrating electrons, 
the energy is 

E(e-,s) = 9/4Ra2 + 615R. (7) 

Here the second term is due t~ the elecrron-electrun repulsions 
of the interoenerratinr sr~hrrical charee clouds. Thc oriein of 
eqns. (6) and (7) is di;c&sed in ref. (2). 
E(cou0 

The net conlomhic interaction of a lattice of cations and 
anions is expressed in terms of the charges of the ions, the 
inter-ion separation, R,,, and the Madelung constant char- 
acteristic of the lattice geometry. The inter-ion separation 
depends on the relative sizes of the ions and the crystal 
structure. The coulomhic term is, 

If the ions touch, R,, is the sum of the radii, R. + R.. If the 
cation rattles in the holes created by the anions, R,  = C X R., 
where C will be determined by the geometry of the hole in 
which the cation resides. 

Lattice Energy 
Because calcium has two valence electrons, two face-cen- 

tered structures are possible. If the anions consist of two in- 
temenetratine charee clouds. the ao~rooriate structure is the .. . 
N ~ C I  form. 1; this Form the cations occupy octahedral holes 
created hv the soherical anion charee clouds. The lattice en- - 
ergy is 

U = 2.25/Ra2 + 1.21R. - 4 X 1.75/(R. + R,) for RJR. > = 0.414 
(9 )  

U = 2.25/Ra2 + 1.2/Ra - 4 X 1.75/(1.41Ra) for RJR. < 0.414 
(10) 

where 1.75 is the Madelung constant for the NaCl structure 
and 0.414 is the smallest radius ratio for which the cations and 
anions are in contact. 

If the anions are singly charged, then the CaFz structure is 
appropriate. To form the metallic lattice replace the fluoride 
ions with spherical electron charge clouds. The calcium icns 
are in holes created by the spherical charge clouds located a t  
the corners of a cube. For this structure the lattice energy is 

U = 2.25IR2 - 5.04/(R, + RJ for RJR, > = 0.732 (11) 

U = 2.25/R$ - 5.04/(1.732Ra) for RJR. < 0.732 (12) 

where 5.04 is the Madelung constant and 0.732 is the smallest 
radius ratio for which the cations and anions are in contact. 

To calculate the lattice energy, the radius of the calcium ion 

NaCl ah 
Structure Structure Literamre 

Cation radius/A 0.99 0.99 0.99 (3) 
Anion radius/A 1.61 1.35 ... 
Lanice energy1e.v. 21.4 21.6 19.8 (4) 
Lanice constant/A 5.20 5.40 5.58 (5) 
Density/(glcrn3) 1.89 1.69 1.53 (5) 
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is given the literature value of 0.99 A (3) and the electron who, while undergraduates a t  St. John's, helped with the 
charge cloud radius is varied until an energy minimum is lo- calculations on which this paper is based. 
cated. The listing of a Basic program which accomplishes this 
task is available from the author. LHeralure Clted ~ ~-~~~ 

Once the minimum lattice enerw and the optimum anion 
11 n r n , . ~  .& J I'WM W C  ~ S , - C ; ~ , I W ~  radius arc found, the lattice runstant and dens:tv can be cal- 1 1 ,  i ( i . . ~  R .end timdr.. P .  dm.,, d l%, .  . < t . ~ , w 6  

cdated from thr crystal struct~lre. All threecalculat~d results I?, ~'suhn.. I.. ' I  he  awn or tl lpi 'hprnlc~t I I U ~  " >,(I -11 corncu ~ ' ~ i ~ ~ ~ . . t ~  v-. . . 
Ithsca, NY, 1960.p. 514. can then be compared to literature values. A summary of the (4, National Bureau of Stsndards Technical Note 270-6, '"Sebcted values chemical 

results of these calculations and a comparison with literature Thermadynamdr ~rop~r t ies , "  u.S. ~ept. of Commerce, washington, DC, I J ~ ,  P. 
values is provided in the table. 30. 

(5)  Kittk, C., "lnfmducfion toSolid State Physis"nhd.,Joho Wileyand Sonn.Inc.Near 
The author wishes to thank Mike Kenney and Dave Funk, york. 1 9 7 1 . p ~  38-39. 
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